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Abstract. In this paper, we continue to study stability under deformations of 
extremal almost-Kahler metrics on a compact symplectic manifold. In dimen- 
sion 4, we consider a smooth family of compatible almost-complex structures 
such that at time zero the induced metric is Hermitian-Einstein almost-Kahler 
metric with zero or negative hermitian scalar curvature. We prove, under cer- 
tain hypothesis, the existence of a smooth family of compatible almost-complex 
structures, diffeomorphic at each time to the initial family, and inducing con- 
stant hermitian scalar curvature metrics. Furthermore, in any dimension, we 
show that any family of compatible almost-complex structures invariant under 
a maximal torus in the hamiltonian group of symplectomorphisms, such that 
at time zero the induced almost-Kahler metric is extremal, can be deformed 
to a smooth family inducing extremal almost-Kahler metrics. 



1. Introduction 

On a 2n-diniensional symplectic manifold (M, w), an almost-complex structure 
J is w-compatible if it induces a riemannian metric g via the relation gi-,-) = 
a;(-, J-). The metric g is called then an almost-Kahler metric. In the case when 
J is integrable, the metric g is Kahler. Given an w-compatible almost-complex 
structure J, there exists a canonical hermitian connection with torsion V ^15} 121] 
on the tangent bundle, which preserves both lj and J. The curvature of the induced 
hermitian connection on the anti-canonical bundle is of the form -^Z— Ip^, where 
is a closed real 2-form called the hermitian Ricci form. The hermitian scalar 
curvature is defined as the contraction of by lu and coincides with the (usual) 
riemannian scalar curvature when the metric is Kahler. An almost-Kahler metric 
is called Hermitian-Einstein [19j if the hermitian Ricci form satisifies = 
(in particular is a constant). 

On a compact symplectic manifold (M, w), we consider the space AK^^ of all 
w-compatible almost-complex structures. This is an infinite dimensional Frechet 
space equipped with a formal Kahler structure described by Fujiki [71 [12] . Further- 
more, there is a natural action of the hamiltonian group Ham{M, uj) on AKi^ and 
it turns out that this action is hamiltonian [7J 112) with moment map identified with 
the hermitian scalar curvature. A metric induced by a critical point of the square 
norm of the moment map J i-^ J^^(s^)^aj" is called an extremal almost-Kahler 
metric [3J[Tni[2S]- Moreover, an almost-Kahler metric induced by J is extremal if 
and only if the symplectic gradient of its hermitian scalar curvature is an infinites- 
imal isometry of J. For instance, extremal Kahler metrics defined by Calabi [6], 
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Hermitian-Einstein almost-Kahler metrics or more generally almost-Kahler metrics 
with constant hermitian scalar curvature are extremal. 

In the Kahler setting, Fujiki-Schumacher and Lebrun-Simanca fl8' showed, 
in the abscence of holomorphic vector fields, that the existence of extremal Kahler 
metrics is an open condition. Furthermore, Apostolov-Calderbank-Gauduchon- 
Friedman T generealized the latter result by fixing a maximal torus in the reduced 
automorphism group of the complex manifold (M, J) (for more results see |26 [ I28 ) ). 
In the general almost-Kahler case, one expects, from the GIT standard picture [7], 
the existence and uniqueness of extremal almost-Kahler metrics, up to the action of 
Ha'm{M,Lu), in every 'stable complexified' orbit of the action of Ham{M,uj). The 
complexification of Ham{M,uj) does not exist. However, one can complexify the 
action on the level of the Lie algebra and once we are restricted to the integrable 
w-compatible almost-complex structures, a description of this complexified orbit is 
given when iJi(A//,R) = [7]. It is identified with the space of Kahler forms in the 
cohomology class of uj. 

In a previous paper j20) . on a compact symplectic 4-manifold (M, oj), we consid- 
ered a smooth path of w-compatible almost-complex structures Jt invariant under 
a (fixed) maximal torus T in Ham{M,uj) such that Jq induces an extremal Kahler 
metric. In particular, Jq is integrable. Furthermore, we supposed that h^^ = 6"*" — 1 
for sufficiently small t, where h^^ is the dimension of gf-harmonic Jt-anti-invariant 
2-forms ^ (here gt is the metric induced by Jt). Then, we showed, for a short 
time, the existence of smooth family of T-invariant w-compatible almost-complex 
structures Jt inducing extremal almost-Kahler metrics such that Jq = Jo and Jt 
is diffeomorphic to Jt for each t. In the spirit of Lebrun-Simanca result |18] . the 
proof consists mainly to deform the symplectic form by introducing a notion of 
almost-Kahler potential (defined only in dimension 4) and then using the Banach 
implicit function theorem for the hermitian scalar curvature map. The hypothesis 
hj^ = 5"*" — 1 was necessarily to insure the continuity of the hermitian scalar cur- 
vature map since a family of Green operators is involved in the definition of this 
almost-Kahler potential. Recently, Tan-Wang-Zhang-Zhu |29] suggested that one 
can remove the assumption hj — — 1. 

Now, if we suppose that Jq is not integrable, it is not clear how to identify 
the kernel of the linearization of the hermitian scalar curvature map with the Lie 
algebra of hamiltonian Killing vector fields even in the simplest case namely when 
Jo induces a Hermitian-Einstein almost-Kahler metric. The idea in this paper 
is to define another suitable almost-Kahler potential for which it is possible to 
study the kernel of the derivative of the hermitian scalar curvature map at least in 
the latter case. The almost-Kahler potential defined in this paper follows from a 
generalization of the JJ'^-Lemma [3l[T4] to the almost-Kahler case. For instance, one 
can derive a Hodge decomposition of the riemannian dual of a (real) holomorphic 
vector field on a compact almost-Kahler manifold. When Jq induces a Hermitian- 
Einstein metric with zero or negative hermitian scalar curvature, we obtain the 
following 

Theorem 1.1. Let {M,io) be a 4- dimensional compact symplectic manifold. Let 
Jt be any smooth family of uj- compatible almost- complex structures such that Jq 
induces a Hermitian-Einstein almost-Kahler metric with zero or negative hermitian 
scalar curvature. Moreover, suppose that for a .small t, hj^ = hj^ = b+ - 1. 
Then, there exists a smooth family of uj-compatible almost- complex structures Jt 
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inducing almost- Kdhler metrics with constant hermitian scalar curvature such that 
Jt is dijfeomorphic to Jt for each t and Jq = Jq. 

We note that, in the above theorem, the condition = /iT = 6+ — 1 is not to 
ensure the continuity of the hermitian scalar curvature map but to guarantee the 
Jt-invariance of the constructed symplectic forms. The latter condition is satisfied 
in the cases mentionned in [3D]. Moreover, by a result of Li and Tomassini [23], any 
homogeneous almost-Kahler structure (w, J) on a 4-dimensional compact manifold 
M = G/T, where G is a simply-connected Lie group and F e G a uniform dis- 
crete subgroup, verifies hj = 6+ — 1. Namely, the Kodaira-Thurston manifold has 
non-integrable almost-Kahler metrics (w, J) with vanishing hermitian Ricci form 
satisfying the condition fej = 6+ - 1 [5] [2^ [50] . 

In case when the w-compatible almost-complex structure Jq induces a Hermitian- 
Einstein almost-Kahler metric with positive hermitian scalar curvature, the kernel 
of the linearization of the hermitian scalar curvature map contains but not neces- 
sarily equal to the space of hamiltonian Killing vector fields potentials. However, 
if Jo is close enough to an integrable w-compatible almost-complex structure, one 
can obtain a similar result of stability (see Proposition 14.41) . 

Now, on a compact symplectic manifold {M, uj) of any (even) dimension, one can 
show that any family Jt of w-compatible almost-complex structures invariant under 
a maximal torus T in Ham(M,uj), such that Jq induces an extremal almost-Kahler 
metric, can be deformed to a smooth family of extremal almost-Kahler metrics Jt 
such that Jo = Jo- However, it remains to show that Jt is diffeomorphic to Jt for 
each t. 

Theorem 1.2. Let (A/, w) be a compact symplectic manifold andT a maximal torus 
in Ham{M,uj). Let Jt be any smooth family of uj- compatible T-invariant almost- 
complex structures such that Jq induces an extremal almost-Kahler metric. Then, 
we can deform Jt, for sufficiently small t, to obtain a smooth family of u- compatible 
T-invariant almost- complex structures Jt inducing extremal almost-Kahler metrics 
such that Jq = Jq. 

2. Preliminaries 

Let (M, uj) be a symplectic manifold of dimension 2n. An almost-complex struc- 
ture J is w-compatible if the induced 2-tensor field g{-, •) := w(-, J-) is a riemannian 
metric. Then, g is called an (w-compatible) almost-Kahler metric. In the rest of 
the paper, we identify the induced metric g with the couple {uj, J). If, additionally, 
the almost-complex structure J is integrable, then (w, J) is a Kahler metric. 

The almost-complex structure J acts on the cotangent bundle T*M by Ja{X) — 
'-a{JX), where a is a 1-form and X a vector field on M. The action of J can be 
extend to any p- form ?/; by (J-0)(Xi, •• • , Xp) = {—1)PiIj{JXi, ■ ■ ■ ,JXp). Moreover, 
any section iIj of the bundle T*M (E) T*M admits an orthogonal splitting -0 = 
tp'^'~^ -\- tp'^'~ 1 where tp'^''^ is the J-invariant part and ■0'^'" is the J-anti-invariant 
part, given by 

•) = ^ •) + VX^-, J-)) and ^^■~(., •) = i (VX-, •) - ^(J-, J-)) ■ 
Hence, the bundle of 2-forms A^M decomposes under the action of J as follows 
(2.1) A^M = R.uj®A-'^-M®Aq+M, 
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where K''-~ M is the subbundlc of J-anti-invariant 2-forms and Aq M is the sub- 
bundle of J- invariant 2-fornis pointwise orthogonal to uj. 
The complexified tangent bundle splits as 

TM ® C = T]'°M © T°'^M, 

where Tj'^M (resp. T)'°M) corresponds to the eigenvalue yf—l (resp. —^J —1) 
under the C-linear action of J. The almost-complex structure J also induces a 
decomposition of the complexified tangent bundle 

T*M (g) C ® KYm, 

where A^fM (resp. A"'^Af) is the annihilator of T^M (resp. T]'°Af). For an 
almost-Kahler metric (uj, J), the canonical hermitian connection V on the complex 
tangent bundle {TM,uj, J) is defined by 

VxY = D^^Y-y{D$,J)Y, 

where is the Levi-Civita connection with respect to the induced metric g and 
X,Y are vector fields on M. Let i?^ be the curvature of V. Then, the hermitian 
Ricci form is defined by 

p^{X,Y)^-tr{JoR^y), 

where i?J y viewed as an anti-hermitian linear operator of {TM, uj, J). The form 
is a deRham representative of 2Trci{TM,J) in H'^{M,R), where ci{TM,J) is 
the first (real) Chern class. If we suppose that lu and ui are symplectic forms 
compatible with the same almost-complex structure J and satisfy ui = e^oj" for 
some real- valued function F then 

(2.2) p^ = -^dJdF + p^ , 

where p^ (resp. p^ ) is the hermitian Ricci form of {ui, J) (resp. (w, J)). 

We define the hermitian scalar curvature of an almost-Kahler metric {uj, J) 
as the trace of p^ with respect to u>, i.e. 

(2.3) s^w" = 271 (p^ A . 

Let X be a symplectic vector field i.e. CxtJ ~ 0, where C is the Lie derivative. 
Then, for any w-compatible almost-complex structure J, we have [14j 

(2.4) CxJ = '2J {D^xyy"", 

where is the Levi-Civita connection with respect to the induced metric g and 
{D^Xyy"^ is the g-symmetric part of the tangent bundle endomorphism D^X. This 
follows directly from the relation (?(•,•) — lo{-,J-). From the identity — —Id, 
we deduce that CxJ J + J CxJ = 0. Hence, the endomorphism {D^Xyy™ anti- 
commutes with J. 

The riemannian Hodge operator *g : A^Af — > A^"~^'Af is defined to be the 
unique isomorphism such that tpi A {*g)^2 = 5'(V'ij V'2)^i for any p-forms "01 and 
-02. Moreover, since the dimension of M is even, {*g)'^ip = {—lYip on p-form ip. In 
dimension 4, the bundle of 2-forms decomposes as 

A^M = A+Af ® A+A/, 
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where A^M corresponds to the eignevalue (±1) under the action of the riemannian 
Hodge operator *g. This decomposition is related to the sphtting l2.1l in the following 
way 

A+M = ® A'^'^M and A"M = A^^'+M. 

2.1. Generalized dd^-Lemma. Let (M, ui, J, g) be a compact almost-Kahler man- 
ifold of dimension 2n. Let 6^ be the codifferential defined as the formal adjoint of 
the Levi-Civita connection with respect to the almost-Kahler metric g when 
it is applied to sections of ®pT*M . In particular, it is the adjoint of the exterior 
derivative d when it is applied to p-forms and are related hy 5^ — ~ *g d *g since 
the dimension of M is even. Equivalently, d — *gS^*g. Denote by = d6^ + S^d 
the Laplacian and G the Green operator associated to A^. The riemannian Hodge 
operator *g commutes with A^. It follows that *g commutes with G. 

Let S'^ ~ (— 1)P J(S^ J be the twisted codifferential acting on p-forms. This is the 
symplectic adjoint of d. Define the twisted differential d'^ by d'^ = {—lYJdJ acting 
on p-forms and let A"^ = d'^5'^ + S'^d'^ be the twisted Laplacian and the Green 
operator associated to A'^. For any smooth function /, the following holds [M] 

(2.5) dd^f + d^df^2Dl^^^,^Lo, 

where is the Levi-Civita connection (here Ug stands for the isomorphism between 

T*M and TM via the metric g). 

We denote by A^^ the contraction by the symplectic form to defined for a p-form 
by Atj(7/') = i V'(ei, Je-i, ■ ■ ■), where {ci} is a local J-adapted orthonormal 

frame. The commutator of A;^ and is given by [TH [21] 

(2.6) [K^,d']=53. 

It follows that d'^S^+S^d'^ — 0. Furthermore, since A^ commutes with J, the relation 
121] implies [H] 

(2.7) [A^,d]==-r. 

Moreover, if L^j is the adjoint of Ai^ acting on a p-form tp by Li^ip = uj Aip, then 

m 

(2.8) [L^,SO]=d'. 

Corollary 2.1. The codifferential and the exterior derivative d (resp. 6'^ and 
d'^ ) commute with G (resp. Q'^). 

Proof. Let a p-form. It follows form the Hodge decomposition ip = tpn + ASG-0 
(here ipH denotes the harmonic part with respect to A^) that 

= (J^A^'GV', 
= A9(5fGV', 

But, it follows from the Hodge decomposition S^Gtp — {S^GiP)h + (5^rfG((5^G'i/') 
that {5^Gil>)}{ = 0. In the same way, one can show that d commutes with G. 
Furthermore, one can prove similarly that 5'^ and d'^ commute with G'^. □ 
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Lemma 2.2. On a compact almost- Kdhler manifold, let ip he any J -invariant p- 
form satisfying ip — d<j) for some (p — 1) form <j). Then, 

tp = dGd^ip = Gdd'^ip, 

for some {p — 2) -form ip. 

Proof. It follows from the Hodge decomposition with respect to of tp and since 
d-p ^0 that 

(2.9) V = + dSi^Gt/j = dS^Gij. 

Recall that {ipjE—O because ip is d-exact. 

On the other hand, d'^ip — since ip is J-invariant. So, it follows from the Hodge 
decomposition with respect to A'^ that ip = {ipjH" + d'^S'^G'^ip (here {ipi)^ denotes 
the harmonic part with respect to A*^, in particular d'^{ip)H'' = S'^{iP)h'' — 0). 
Plugging this in 12.91 we obtain 

iP = dd3G(^{{ip)H^) +d''d''G''ipy 

= dd3G{{ip)H-^) +ddaG{d''S''G''ip), 

= dGS<^{{iP)H-) +dGS^id''S''G''iP), 

= dG[A^,d"]((V')ffe) - dGd'^iS^S'^G'^ip), 

= -dGd''A^{{iP)H-) - dGd''{SS6'=G''ip), 

= dGd''(^- A^{{iP)h'=) -S^S'^G'^ipy 

Here, we used Corollary 12. II the equality 12.61 and the fact that d'^6^ + S^d'^ = 0. 
The lemma follows. 

In the Kahler case, remark that A = A^ so G = C^. Hence, d'^G — Gd'^-. Then, 
iP^dGd^ip^dd^iGip). a 

Proposition 2.3. On a compact almost-Kdhler manifold, let ipi,ip2 be any two J- 
invariant closed 2-forms and determine the same de Rham cohomology class. Then, 
there exists a real function f, uniquely defined up to an additive constant, such that 

- V'2 = dGd'^f = Gdd^f. 

Proof. This is a direct application of Lemma [2.21 for ip = ipi — ip2. If Gdd'^f — 
then dd'^f is harmonic. Since M is compact, dd'^f = 0. By the equality 12.61 it 
follows that AV = 59df ^ [A„,d=]d/ = A^d'^df = (because d^df = -Jdd^f). So 
/ is constant as M is compact. □ 

As a consequence of Lemma 12.21 we obtain a Hodge decomposition of the rie- 
mannian dual of a (real) holomorphic yector field on a compact almost-Kahler 
manifold (A/, J, g). Recall that a (real) yector field X is called holomorphic if it 
is an infinitesimal isometry of J i.e. 2,xJ = 0. 

Corollary 2.4. Let X he a holomorphic vector field on a compact almost-Kdhler 
manifold and ^ = X^o the dual of X with respect to the metric g. Then, we have 

(2.10) e = (Offc + d'f - JGd-g, 

where f,g are real functions, uniquely defined up additive constants. Here (0-tr= 
denotes the harmonic part with respect to A'^. 

Remark that in the Kahler case, {£,)h'' = £,h and —JGd'^g = d{Gg). 
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Proof. Since X is holomorphic, a direct computation shows that £xw is a J- 
invariant 2-forni. Indeed, for any vector fields Y, Z 

(£jf w) ( jy, JZ) = X.{ij{JY,JZ))-ujiilxiJY),JZ)-uj{JY,ilx{JZ)) 
= X.{lj{Y, Z)) - uj{JZxY, JZ) - uj{JY, J£xZ) 
= i£xuj)iY,Z). 



This means that dJ^ is J-invariant. By Lemma [2.21 dJ^ = dGd'^g, for a function 
g uniquely defined up to a constant. The Hodge decomposition with respect to A'' 
of ^ is given by ^ = (^)ir= + d'^f + S'^cf) for some real function / and 2-form (j). Then 

(2.11) dJC = -dS^Jct) = dGd^g. 

Moreover, using equalitv l2.8i we have dQd'^g = —dGd^{goj) = —dSSG{guj). So, from 
[^TT] we have -dS^Jct) = -dSa^iguj), thus -S^Jct) = -(59G(gw) = -G,59{^gu) ^ 
Gd'^g. The corollary follows. □ 

Now, given any function /, it is natural to wonder whether dGd'^f is J-invariant. 
Proposition 2.5. In dimension 2n ~ 4, /or any smooth function f , 

(dGd^fy-- = ^{fuj)H - \g iifi^)H,^) uj. 

In particular, if hj = — 1, then dGd'^f is J-invariant for any smooth function 
f with zero integral. 

Proof. Using Corollarv 12.11 the equalitv 12.81 and the fact that the Hodge operator 
*g commutes with G, we have 

{dGdyy''- ^ {-dG,5\fuj)Y-- 
= {-Gd5a{fuj)Y- 



i(/ + *g){-Gd5\fu:)) ~ ig ((/ + *,){-Gd5^{f^)),^) uj 

-^GdS^^ifLo) -^*g GdS<^ *g ifu) - ((/ + *g){-GdSS{fu;)),uj) lo 
1„ „ . 1„ „ . 1 



-<Gd5\fuo) - -GS^difu) - ^ ((/ + ^g)i-GdSSifu;)),u;) u: 
= -Uil^3^^fuj) + -^g{G^3{fuj),uj)u 

Here, we use the convention 5(0;, w) = 2. In case when = 6+ — 1, we have 
{fuj)fj = for any smooth function / with zero integral. Indeed, under the latter 
assumption, for any g-harmonic 2-form 1]^ (with respect to A^), the pairing g{uj,Tp) 
is a constant function. Thus, given a function / with zero integral, we obtain 

< {fu})H:4' >L2— /5('^: "0)% = 0- Hence, {fuj)H = and therefore dGd'^f is 
J-invariant. 

□ 
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Thus, in dimension 4, when /ly = 6+ — 1, the symplectic form uj + dGcf^f is 
J-invariant for any function / with zero integral and so / is caUed almost- Kdhler 
potential when (lo + dGd'^f, J) induces a riemannian metric. Again remark that in 
the Kahler case, dQd'^f — dd'^Gf, hence cj) = G/ coincides with the usual Kahler 
potential. 

The 'potential' G/ coincides with the potential defined by Weinkove fST in the 
following way. Given a symplectic form uj compatible with J and cohomologous to 
UJ, then a) — w = dGd^/, for some function / with zero integral. Now, let (j) = G/ 
(so AS(f) = f) then 

dGd7 = dGd^A^ 
= dGd^S^dcf) 
= -GdS^d^dcj) 

= G,A9{dd''(t>)-2G,d59D^^^^^^^^u) 

using the fact that d'^S^ + S^d'^ — and the equalitv l2.5l The function (p corresponds 
to (po in the terminology of ^31j . 

3. Extremal almost-Kahler metrics 

Let {M,uj) be a compact and connected symplectic manifold. Let AK^ be 
the Frechet space of w-compatible almost-complex structures. The tangent space 
TjAK^, at a point J, is identified with the space of g-symmetric endomorphisms of 
TM which anti-commute with J (here g is the metric induced by J) . Furthermore, 
TjAK^ can also be represented by the space of 1-forms n S ^^j"^ {T^^ M) which 
satisfy uj[y.{X), Y) + uj{X, ^l{Y)) = 0. Via the hermitian metric hj{-, ■) = w(-, J-) — 
iuj{-, ■), it is identified with the subspace of complex symmetric forms, sections of 
® KYM. The space AKi^ comes naturally equipped with a formal Kahler 
structure ($7, J) described first by Fujiki in [7l[12]. For Ji, j2 € TjAK^, the Kahler 
form n is given by r2j( Ji, = /^^ tr{J o ji,oj2)^ and J by Jj( Ji) = J o Ji. 

Let Ham{M, uj) be the (infinite dimensional) group of hamiltonian symplecto- 
morphisms of {M, oj). The Lie algebra of Ham{M, ui) is identified, via the symplec- 
tic form ui, with C^(M, R) the space of real- valued smooth functions on M with 
zero integral. 

A key observation, made by Fujiki [12j in the integrable case and by Donaldson 
[7] in the general almost-Kahler case, asserts that the natural action of Ham{M, w) 
on AKi^ is hamiltonian with momentum given by the hermitian scalar curvature. 
More precisely, the moment map fi : AK^ — >■ {Lie{H am{M , uj)))* is 

i^jU) = I s^f^ 

Jm n\ 

where is the hermitian scalar curvature of (w, J) and / is a smooth function 
with zero mean value viewed as an element of Lie{Ham{M,uj)). The square-norm 
of the hermitian scalar curvature defines a functional on AK^ 

(3.1) f (s-)'^. 
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Definition 3.1. The critical points (w, J) of the functional (|3.ip are called extremal 
almost- Kdhler metrics. 

Proposition 3.2. An almost-Kahler metric (w, J) is a critical point of US. 1\) if and 

only if gradcjS^ is a Killing vector field. 

A proof of Proposition 13.21 is given in ^ [T3J [12] . 

The formula for the variation of the hermitian scalar curvature s^' of {cu, Jt) 
along a path Jt £ AK^ is a direct consequence of Mohsen formula [Mj [191 HI] and 
is given by 

(3.2) AgV, ^ _^3*jjst 

dt 

where J — -^Jt and 5^* is the codifferential with respect to the metric gt induced 
by Jf 

The variation of the hermitian scalar curvature in AKi^ can be also deduced 
from the moment map set up in the following way [7]. The infinitesimal action of 
Ham{M, u) on J E AKu: is given by the operator 

f ^ £xf J, 

where Xf is the hamiltonain vector field associated to / (here Lie{H am{M , uj)) is 
identified with C^(M,M)). Let Q : TjAK^ C^(M,R) be the operator which 
represents the derivative of the map J at a point J (here is the integral 

zero part of s^). From the definition of moment map, we have < Q{J),f >L2 = 
r2j(j, P(/)), where ft is the Kahler form on AKuj. Hence, Q = F* o J, where P* 
is the adjoint of P with respect to the inner product. 

The standard picture in GIT (Tj [11] suggests the existence and the uniqueness 
of extremal almost-Kahler metrics, up to the action of Ham{M,Lu), in every 'sta- 
ble complexified' orbit of the action of Ham{M,uj). Since the complexification of 
Ham{M,uj) does not exist, we can complexify this action at the level of Lie alge- 
bra. The infinitesimal action of a function \/— 1/ on J corresponds to the variation 
P{\/~lf) := JP{f) = JZxfJ, which is an extension of the operator P to 

P ■.C^{MX)-^T.jAK^. 

If J is integrable, then P{\/—lf) ~ ZjXfJ- Note that the action of the vector field 
JXf on ijj si given by ZjXf^ — dJdf. When iJ^(A/, K) = 0, we can deduce that 
the 'complexified' orbit corresponds, up to the action of diffeomorphisms, to the 
Kahler metrics in [oj\. Generally, two almost-complex structures Jo and Ji are in 
the same 'complexified' orbit if there exist ht € Cq°{M, C) and a path Jt G AKuj for 
^ t < 1 such that f^Jt = Pt{ht), where the operator Pt : C(f (M, C) -> Tj^AK^ 
depends on the almost-complex structure Jt P5] . 

Now, we fix a compact group G in Ham{M, uj) and denote by the finite 
dimensional space of real-valued smooth functions on M which are hamiltonians 
with zero mean value of elements of g = Lie{G). Denote by 11^ the L^-orthogonal 
projection of G-invariant smooth functions on Qai with respect to the volume form 
Let AK^ be the space of w-compatible G-invariant almost-complex structures. 
The space AK^ is still contractible and connected. Then, we have the following 
(for more details see [H [H [H [20] ) 

Proposition 3.3. The projection H^s"^ is independant of J E AK^ 
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Now, let G — T he a, maximal torus in Ham{M,uj) and — II^s^. Then, 

Proposition 3.4. A T -invariant almost- Kdhler metric (w, J) is extremal if and 
only if 

"V T 

where is the integral zero part of the hermitian scalar curvature of {lu, J). 

The veetor field Z^" grad^z]^ is called the extremal vector field relative to 
T and is invariant under isotopy of w. Denote by SUt^J^ the set of all T- invariant 
almost-Kahler metrics induced by T- invariant symplcctic forms isotopic to u. Then, 
we have 

Corollary 3.5. If^^ contains a metric with constant hermitian scalar curvature, 
then Z"^ — 0. Conversely, if = 0, any extremal metric in D)t^ is of constant 
hermitian scalar curvature. 

4. Proof of Theorem 11.11 

Let {M, uj) be a 4-dimensional compact and connected symplectic manifold. 
Suppose that Jg is an w-compatible almost-complex structure which induces a 
Hermitian-Einstein almost-Kahler metric with zero or negative hermitian scalar 
curvature i.e. the hermitian Ricci form of (w, Jq) satisfies — with 
s^ ^ 0. Moreover, suppose h^^ = 6^ — 1, where hj^ is the dimension of go- 
harmonic Jo-anti-invariant 2-forms [9j. Let Jt a smooth family of w-compatible 
almost-complex structures in AKi^ such that hj^ = hj^ ~ ~ I for a small t. 
Denote by gt{-, •) = Jf) the induced metric. 

We consider the following almost-Kahler deformations 

ujtj = w + dGfJtdf, 

where Gt is the Green operator associated to the Laplacian operator A^* with 
respect to the metric gt and / € [M. R) a smooth function with zero mean 
value. 

By Proposition l2.5l the assumption = 6+ — 1 implies that ujt.f is Jt-invariant. 
Then, we define the map: 

$ : M X C[f (M, R) — > (M, R) 
(t,/) ^ s^^^f, 

where s^'^-f is the zero integral part of the hermitian scalar curvature s^'-^ of the 

almost-Kahler metric {oJtj,Jt)- We have ^{t,f) = if and only if {uJtj,Jt) is 
an almost-Kahler metric with constant hermitian scalar curvature. In particular, 
$(0,0) = 0. 

Let W^''^ be the completion of C^{M,M.) with respect to the Sobolev norm 
II • ||p,fc involving derivatives up to order k. Denote by ^^p-'''> : R x W^''^^'^ — > W^^^ 
the extension of <& to the Sobolev completion of (M, R) . The kernel of the 
Laplacian A^* are g^-harmonic p-forms and thus the dimension of the kernel of A^' 
is independant of t. Hence, we deduce from Kodaira-Spencer result [Ml [17] that 
Gt is a map. Thus, the map is clearly a map. 

Using the formula 12.21 and definition of the hermitan scalar curvature, we have 
the following 



STABILITY UNDER DEFORMATIONS OF HERMITIAN-EINSTEIN METRICS 



11 



Proposition 4.1. Let [M, uj, J, g) he a A-dimensional compact almost-Kdhler man- 
ifold. Denote by G the Green operator associated to the Laplacian A^. Suppose that 
dGd'^f is J -invariant for any function f . Then, for any almost-Kdhler variation 
CO = dGd'^ f of the symplectic form lu (f with zero integral), the variation of the 
volume form, of the hermitian Ricci form and the hermitan scalar curvature are 
given by 



(4.1) (w2) = (S^JGd^f) Lu"^ = -f 

(4.2) pv = Irfrfcy^ 

(4.3) = -ASf-2g{p^,dGd-f). 

Remark that, in the Kahler case, if we substitute / by A^(j), then the above 
variations coincide with the variation w = dd'^cf) of the Kahler form uj in the (fixed) 
Kahler class [T3]. 

Proof. Let ujt = lo + tdGd'^f. Then, using the relation 12.71 ('^^) ~ -^^t\t=o — 
g{dGd'=f,u;) uj^ = (SajGd^f) w^. Moreover, using the fact that dS'= + S^d = and 
the J-invariance of dGd'^f, we have 

dS^JGd'^f = -^dS^Gd'^f 
= S^dGd^f 
= JS^dGd'^f 

= Jd-f^-df 

Since / has zero integral, we obtain the second equality in 14.11 The variation of 
the hermitian Ricci form 14.21 follows from 12.21 while the expression 14.31 is a conse- 
quence of 12.31 □ 



Since (uj, Jq) is Hermitan-Einstein and g{dGd'^ f ,oj) = — /, it follows from Propo- 

df I 



sition WA] that the partial derivative 4j|(o,o) is given by 



(4.4) |^|(o,o)(/) = -A''''/ + ^/, 

where is the hermitian scalar curvature of the Hermitian-Einstein metric (w, Jo). 
Clearly, §j|(o.o) is a self-adjoint elliptic linear operator. Furthermore, it is an 

isomorphism of C^(M, R). Indeed, suppose that — A^"/ -t- ^/ = for a function 
/ (with zero integral), then A^o/ — ^f. By hypothesis, < 0. As M is compact, 
/ = 0. The natural extension of ^|(o,o) to W^'''^'^ is again an isomorphism from 
\YP,k+2 -j-Q lyp.fc^ follows from the implicit function theorem for Banach spaces 
that there exists e,S > such that for \t\ < e, there exists ft satisfying ||/t||p,fe < S 
such that ^'^P''^^(i, /t) = 0. Hence, for each \t\ < e, {ujt,ft,Jt) is an almost- 
Kahler metric with constant hermitian scalar curvature of regularity ]4^p^'^+2. It 
follows from the bootstraping argument used in |20) that (wtj^, Jt) are a family 
of smooth almost-Kahler metrics with constant hermitian scalar curvature. The 
theorem follows from the Moser Lemma. 
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Example 4.2. Theorem 11.11 may be applied to the Kodaira-Thurston manifold 
given by x (Nil'^/T) where 





X 






!(: 


1 


•) 














and r is the subgroup of Nil^ consisting of elements with integral entries. The 
1-forms dt, dx, dy, dz — xdy are invariant under the action of T (here t is the 
coordinate). 

By a result of Li and Tomassini |23j , any homogeneous almost-Kahler structure 
(w, J) on X [Nil^ /T) has /ly = 6+ — 1 = 1. Namely, the following symplectic 
form 

uj — dx A dt + dy A {dz — xdy) 
and the non-integrable w-compatible almost-complex structure 

Jdx — dt, Jdy = {dz — xdy). 
verifies hj = 6+ — 1. Moreover, the hermitian Ricci form of (w, J) is zero 

Remark 4.3. We will discuss now the case when (w, Jo) induces a Hermtian- 
Einstein metric with positive hermitian scalar curvature. For instance, a result in 
[19j ensures the existence of an infinite family of non-integrable Hcrmitian-Einstein 
metrics (with positive hermitian scalar curvature) on CP which are deformations 
of the (integrable) Kahler-Einstein metric. 

We fix a maximal torus T in Ham{M, to) and we consider a family Jt of uj- 
compatible T- invariant almost-complex structures such that hj^ = hj^ = 6^ — 1. 
Moreover, we suppose that Jo induces a Hermitian-Einstein almost-Kahler metric 
with positive hermitian scalar curvature. We consider the almost-Kahler deforma- 
tions 

uJt.cf) ~ Lu + dGtJtdA^'^ (f>, 
with (p in the Frechet space (M, M) of T- invariant smooth functions (with zero 
mean value), which are L^-orthogonal, with respect to to the hamiltonians 
potentials t;^ of the Lie algebra t — Lie{T). We consider the map 

U — > C^{M,R) 

(i,0) ^ {Id -nl)o {Id -nl js^^.^, 

where U C Rx C^{M, M) is an enough small open set containig (0, 0) such that the 
kernel of {Id — n|^) o {Id — li^^ ^ ) is equal to the kernel of {Id — ^ ) . Remark that 
$(t, (/)) = if and only if {uJt,4>, Jt) is an extremal almost-Kahler metric. However, 
the extremal vector relative to T vanishes because (cj, Jq) is Hermitian-Einstein. 
Then, Corollarv 13 . 5 1 implies that the metric {'jJt,4n Jt) is of constant hermitian scalar 
curvature. We extend <i> to a map from an open set in R x W^''^'^^ to W^''^, where 
WP^'' is the Sobolev completion of C|P(M,M). The extended map is C since Gt is 
C\ 

Using the vanishing of the extremal vector field, the linearisation of {Id — 
j.)'?^*'"'' is given by the operator 

d{Id-Ul^ Js^'.* . 2 • • 

(4.5) m = ^ ^ koMM = - (A^°)2 0+ — A^>. 
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The operator L is strongly elliptic self adjoint operator leaving invariant {i^) 
since L{(j)) — for any (p ^ i^. Indeed, li X = grad^(j) is a hamiltonian Killing 
vector field with respect to the metric go, then by [19[ Lemma 2.6], (j) verifies 
-idAfo0 = p^{X,-). Since (w, Jo) is Hermitan-Einstein, we have -idA^o^ = 
and hence -i (A9«)^ = ^A9«,j). So, we deduce that {Id-Ill)L{4:) = L{^). 
Hence, |||(o,o)('/') = L{4)). 

A direct computation shows that = S^^'S^" (^{D^" Jod(j)yj^^. Clearly, the 

kernel is not necessarily equal to tcj but contains the latter space. Remark that, 
when J is a T-invariant cj-compatible integrable almost-complex structure, the 
operator L given by Z(/) = 5^ {{DS J dfYj"^^ = -5s53{D3dfY^- is the Lich- 

nerowicz operator [ll [2^ which leaves invariant (tcj)^. By the maximality of the 
torus T, the Lichnerowicz operator is an isomorphism of C|?(M, R). Thus, if Jo 
is close enough to an integrable T-invariant almost-complex structure J, then by 
Kodaira-Spencer result [ini HZ] , the dimension of the kernel of L (as an operator 
acting on C|?(Af, M)) is less or equal to the kernel of the Lichnerowicz operator. 
Hence, L is an isomorphism of C^(M, R) and again an isomorphism from W^'^^'^ 
to W^'^ . Using essentially the same arguments in the proof of Theorem II. 1[ we 
have the following proposition 

Proposition 4.4. Let {M,lu) be a 4- dimensional compact symplectic manifold and 
T be a maximal torus in Ham{AI,uj). Let Jt be any smooth family of uj- compatible 
T-invariant almost- complex structure such that Jo induces a Hermitian- Einstein 
almost-Kdhler metric with positive hermitian scalar curvature and close enough to 
an integrable T-invariant uj-compatible almost-complex structure. Moreover, sup- 
pose that for a small t, h~j^ — hj^^ — b^ — 1. Then, there exists a smooth family 

of LjJ- compatible T-invariant almost- complex structures Jt inducing almost-Kdhler 
metrics with constant hermitian scalar curvature such that Jt is diffeomorphic to 
Jt and Jo = Jq. 



5. Construction of w-compatible almost-complex structures 

Let (M, w) be a symplectic manifold and J an w-compatible almost-complex 
structure. Following [5J [51 HI], given a symmetric J-anti- invariant ip section of 
T* M (E) T* M , we can construct another w-compatible almost-complex structure. 
Indeed, let ^E* the endomorphsim of TM associated to ip defined by g{'i'-, •) •), 
where g is the metric induced by {uj, J). 

The endomorphism anti-commutes with J. Then, for fc = 1, 2, • • • 

*2''~V-f J*2'="^ = 0, ^'^''J- J^'^'' = 0. 
Let J^ the endomorphism of TAL defined by 

J^ :^ J o exp(vE'), 

where exp(^') = J^'kLo h(^)'^- Remark that anti-commutes with J^,. 

One can check directly that J o exp(^') = exp(— 5") o J. It follows that J^ is an 
almost-complex structure. Indeed, Jl — Joexp(^')oexp(— 5')o J = —Id. Moreover, 
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the almost-complex structure is w-compatible. In fact, uj is Ji^-invariant 

uj{J^-,J^-) = g{JJ^-, ■) ^ g(j Jo cxp{^)-,cxp{-'9)o J ■) 
= -5(exp(«')-,exp(-*)o J.) = -g{.^ j.) = uj{-, ■). 

In addition, uj{X, J^X) — g[X, exp(^')X) > for any non-zero vector field X. Note 
that 5" is symmetric with respect to g,p{-, ■) '■= u}{-, J^-) and exp(^) is symmetric 
and positive definite with respect to g^. 

Let AK^ be the space of all w-compatible almost-complex structures. Any 
J e AKi^ can be obtained from J by the above construction [M]. More ex- 
plicitely, consider the endomorphism S — ~JJ of the tangent bunble. Then, S 
is symmetric and positive definite with respect to g and g (the metrics induced 
repectively by J and J). Indeed, g{SX,Y) ^ g{-JJX,Y) = -a;(Jx,r) = 
g{X,Y) and g{SX,Y) = -g{JJX,Y) = g{JX,JY). Hence, the endomorphism 
S = exp(\E') for a (unique) symmetric endomorphism with respect to g and 
g. Since ,P = ~ —Id, we deduce that ^E* anti-commutes with J and J. By 
construction, J — JS ~ J o exp(5'). 

More generally, let Aut{TM,uj) be the space of smooth sections of the bundle of 
all automorphisms of the tangent bundle TM preserving oj i.e. for 7 G Aut{TM, w), 
^il'jl') = ^('7 ■)■ The group Aut{TM,uj) can be considered as an infinite dimen- 
sional Lie group. Its Lie algebra is the space of fields of endomorphisms "if of TM 
satisfying u!{'i>-, ■) + uj{-, ^f-) — 0. The group Aut{TM,u!) acts transitively on AK^^ 
by 7 J-f~^, where 7 e Aut{TM, oj) [M]. Indeed, as discussed above, for J, J e AK^j, 
there exists a unique ^ G Lie[Aut{T M , u)^ which anti-commutes with J and J 
such that J = J o exp(\E'). 

The space AKi^ is identified, via the symplectic form uj, with the space of as- 
sociated metrics (see [HIS]). When (M, w) is compact, the set of all riemannian 
metrics is equipped with a riemannian metric. The tangent space at a point is given 
by the symmetric 2-tensors. Now, Ebin [10] describes the geodesies in the subset 
of riemannian metrics with the (same) volume form ^ and they are given by 
curves of the form gt = gexjp{t^), where is a g-symmetric endomorphism with 
zero trace with respect to the metric g. The space AK^^ is a proper subset of iV^. 
Furthermore, Blair [U [S] showed that the space AK^ is totally geodesic in iV^. 
More explicitely, the geodesies in AK^ are of the form Jt = J o exp{t'^), where 
J e AKi^ and 5" is g-symmetric endomorphism which anti-commutes with J (in 
particular, ^I' is of trace zero with respect to the metric g induced by J). 

6. Proof of Theorem 11.21 

Let (M, Lo) be a 2n-dimensional compact symplectic manifold and T a maximal 
torus in Ham{M,Lo). Let Jt a smooth family of w-compatible T-invariant almost- 
complex structures in AK^ such that Jq induces an extremal almost-Kahler metric. 
Denote hy gt{-, ■) — Jf) the induced metric. 

Let / be a function in the Frechet space C|P (M, M) of T-invariant smooth func- 
tions (with zero mean value), which are L^-orthogonal, with respect to to 
t[j. Let ^/ be the hamiltonian vector field corresponding to / in the sense that 
—df = uj{Xf, •). Let Z)^* is the Levi-Civita connection associated to the metric gt- 
By the eaualitv 12.41 the gj-symmetric endomorphism of TM given by {D^* X fY^"^ 
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anti-commutes with Jt- Furthermore, the endomorphism Jt o [D^^Xfyy™ is 174- 
symmetric and anti-commutes with Jt- 

We consider then the foUowing w-compatible almost-complex structures defor- 
mations 

Jij = Jtoexp(J4 0pf'X/)-^™), 

By the discussion in Section [Sj the endomorphism Jtj is an w-compatible almost- 
complex structure. Remark that Jtfl — Jt- 
We define the map 

$: RxCfP(Af,K) — > C^{M,R) 

(tj) ^ (/d-nj)s^*./, 

where s^'-^ is the zero integral part of the hermitian scalar curvature s^' of the 

almost-Kahler structure {Lu,Jt.f). By Proposition 13. 4[ /) = if and only if 
the induced metric by (cj, Jt.f) is an extremal almost-Kahler metric. In particular, 
$(0,0) =^0. 

Let M^P'*-' be the completion of C|?(Af, R) with respect to the Sobolev norm 
II • llp^fc involving derivatives up to order k. Denote by ^(p^'^) : R x W^''^^'^ — > W^'^ 
the extension of $ to the Sobolev completion of C|P(M, R). Clearly, the map 
is a map. 

Using the formula [3?2] and Proposition l3.3[ the partial derivative §j|(o,o) is given 

by 

|^l(o,o)(/) = ^^^"■^^1^=0 = -<5^° JoJS" JoJo(i^^Vod/)^«™ - Ss-JoSa-iDaoJodfyy- 

The operator L{f) = 6^" JaS^" {0^° Jodfyy"" coincides, when Jo is integrable, 
with the Lichnerowicz operator. The operator L was used by Smolentsev [27] to 
compute the sectional curvature of the space AK^. It is a 4-th order self-adjoint 
T-invariant elliptic linear operator leaving invariant {iu>)^ since L{f) = for any 
f £ tui- Any function / in the kernel of the operator L gives rise to a Killing vector 
field in the centralizer of t = Lie{T). By the maximality of the torus T, f € i^. 
We deduce from elliptic theory |3l [32] , that the operator L is an isomorphism of 
C^(M,K) and also from WP'''+* to WP'''. 

It follows from the implicit function theorem for Banach spaces that there exist 
(5, e > such that for |i| < e, there exists ft satisfying ||/t||p,fc < S such that 
<j5(p,fc)(^ = 0. In particular, /o = 0. Hence, the almost-Kahler metrics (w, Jt 
are extremal of regularity W^'^^"^ . 

Since we did not deform the symplectic form oj, the hermitian scalar curva- 
ture s^'-^i of the extremal almost-Kahler metric (w, Jt./J verifies s^'-^* = s^" ". 
Since the extremal almost-Kahler metric (w, Jq) is smooth, we deduce that s^*-St 
is smooth. In addition, the linearization of the hermitian scalar curvature s^^-s of 
(w, Jf j) (with respect to the function /) is an elliptic operator given by the oper- 
ator L. It follows from elliptic theory 3 that the extremal almost-Kahler metrics 
(iij^Jtjy) are smooth. The theorem follows. 
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